ABSTRACT This paper proposes a direct sinogram correction method that does not require metal segmentation and prior knowledge to reduce metal-related artifacts in polychromatic computerized tomography (CT). The metal-related artifacts, being common in dental conebeam CT images, are caused by beam hardeninginduced sinogram inconsistency associated with complicated metal-bone-tissue interactions and other factors including scattering. This paper carefully analyzed artifact-causing factors and developed a direct method for sinogram correction to reduce the mismatch between sinogram data and the mathematical model for CT reconstruction. The proposed method attempts to project the beam-hardening affected data to the range space of the Radon transform so that the mathematical model is more consistent with the corrected data, with keeping a part of data where beam hardening effects are small. We tested the performance of the proposed method in numerical simulations and experiments using dental conebeam CT. The results demonstrate that the proposed method successfully reduces beam-hardening artifacts.
I. INTRODUCTION
Metal artifact reduction (MAR) in computed tomography (CT) is of vital significance because the number of aged people with artificial prostheses and metallic implants is rapidly increasing with the rapidly aging population. Metallic objects present in the CBCT field of view produce streaking artifacts that highly degrade the reconstructed CT images, resulting in a loss of information on the teeth and other anatomical structures. Metallic object-related artifacts are associated with beam hardening, scattering, partial volume effects, and a high degree of inhomogeneous attenuation. As metal-induced artifacts are complex and nonlinearly intertwined, MAR has remained a challenging problem over the last four decades [9] .
Metal artifacts are caused mainly due to a mismatch in the forward model of the filtered back-projection (FBP) algorithm. FBP is based on the (ideal) monochromatic
The associate editor coordinating the review of this manuscript and approving it for publication was Sudhakar Radhakrishnan. assumption; the projection data P (for a two-dimensional parallel beam system) can be expressed as the Radon transform (R) of an attenuation distribution µ E 0 at a fixed energy E 0 :
where δ is the Dirac delta function, ϕ is the direction angle, and s is the detector position. FBP ignores the polychromatic nature of the X-ray data P, which has a nonlinear dependence on the distribution of the metallic object [29] . In actual polychromatic CT, the single energy term δ(E − E 0 ) in (1) is replaced by the fractional energy distribution η(E) in the spectrum of the X-ray source [11] , [27] . An unavoidable mismatch between the real projection data and mathematical model exists, due to the polychromatic nature of the incident X-ray beam. When metals are present in the field of view of clinical CT, this mismatch produces serious streaking artifacts associated with metal geometries, which are mainly caused by the beam hardening factor.
The goal of MAR is to alleviate the mismatch given by
where µ expresses a desired CT image to be reconstructed. Recently, Park et al. [26] found a mathematical formula for in terms of the geometry of metal objects, under the assumption that µ E outside the metal region is independent of E. Last four decades, numerous MAR methods have been suggested. Conventional beam hardening correction methods include dual energy correction [2] , [17] , [33] and algorithm-based approaches such as raw data correction methods and statistical iterative correction. Dual energy CT needs to increase radiation exposure to patients compared to conventional CT. An iterative reconstruction method generates an initial estimate of the target image, projects the guessed/estimated image back to the raw data space, compares it with the original raw data to generate a modified image, and repeats the process. Various iterative reconstruction methods have been developed for MAR [7] , [8] , [21] , [23] , [32] . They requires extensive knowledge about the CT system configuration, even though it can theoretically solve the streaking problems very well. Additionally, the associated computation time for full iterative reconstructions can be clinically prohibitive. In raw data correction methods, unreliable background data due to the presence of metallic objects can be recovered using various inpainting techniques such as interpolation [1] , [4] , [14] , [18] , [28] , normalization [22] and inpainting [3] , [20] , [24] , [34] , [35] . These methods might introduce new artifacts that did not previously exist. Moreover, these techniques tend to impair the morphological information in the areas around the metal objects in the reconstructed images.
Various studies have shown that the MAR performance depends on the material, geometry, size, and location of the metal. The development of a universal MAR method, which includes all cases such as small/medium/large metal objects and complete photon starvation, seems to be difficult [9] .
We observe that beam-hardening induced artifacts are generated not only by the mismatch but also by the orthogonal projection process of P to the range space of the Radon transform during CT reconstruction (see Section II-A). Hence, it is desirable to correct the beam-hardening in sinogram space instead of the image space. Through a careful and rigorous analysis of beam-hardening factors, we develop an sinogram correction method (see Section II-B) to reduce the discrepancy between sinogram data and the mathematical model for CT reconstruction. This method is designed to alleviate beam-hardening factors, while keeping a part of data where beam hardening effects are small.
We tested the performance of the proposed method in numerical simulations (see Section III-A) and experiments using dental Conebeam CT (see Section III-B). The results demonstrate that the proposed method successfully reduces beam-hardening artifacts. 
II. METHOD
To explain the beam hardening artifacts caused by the polychromatic nature of the X-ray beams, we will use the parallelbeam CT model for ease and simplicity of explanation. The projection data P(ϕ, s) is given by the Lambert-Beer law [5] , [16] :
where η(E) = I 0 (E)/ I 0 (E )dE indicates the normalized energy spectrum of X-ray beam [30] . Fig. 1 shows energy spectrum of X-ray beam and attenuation coefficients of iron, bone and tissue from the experimental results given in [12] . The polychromatic X-ray data P is nonlinear with respect to the length of object and its quantity of nonlinearity depends on the energy spectrum η. The non-linearity of projection data introduce some streaking and shadow artifacts in reconstructed CT image. According to Alvarez and Macovski [2] , µ E can be decomposed approximately as:
where µ p is spatial-dependent photoelectric component, µ q is the spatial-dependent Compton scattering component, p(E) ≈ E −3 (approximating the energy dependence of the photoelectric interaction), and q(E) is the Klein-Nishina function [15] , [31] , given by
with c = 510.975 keV and τ = E/c. Let E p and E q denote effective energies for photoelectric and Compton scattering component, respectively, given by
Using this approximation (4), the projection data in (3) can be expressed as
This approximated projection data (7) can be decomposed as:
where ϒ can be viewed as a source of artifact, given by
Then, the inverse Radon transform of P is
where
and Err(x) represents beam hardening aritifact term, given by
We should mention that the inverse radon transform R −1 P is not well defined because most projection data P are not lying on the range space of R. Hence, R −1 P is understood in the following way:
The goal is to reconstruct µ by alleviating artifacts, given by Err(x).
A. ABOUT SINOGRAM DISCREPANCY
It is important to note that the mismatch in (2) differs from the mathematical inconsistency P := R(R −1 P) − P, where R −1 is the inverse Radon transform. P is not a practical mismatch to be corrected in MAR because R −1 (P + P ) equals R −1 P, which represents artifacts introduced by the discrepancy P . We can briefly explain the reason as follows. Based on the inherent nature of the pseudo inverse R −1 , the R(R −1 P) is the closest sinogram in the range space of R from P. According to Hilbert's projection theorem, the discrepancy P is orthogonal to any sinogram in the range space, and therefore
where R * is the dual of R (i.e., back-projection). Hence,
The discrepancy is mapped to the bright and dark streaking artifacts between the boundaries of any two metallic objects. Roughly speaking, the iteration process of backward and forward projection creates P so that the inconsistent P moves FIGURE 2. The mathematical inconsistency P := R(R −1 P) − P. Because the discrepancy P is orthogonal to any sinogram in the range space, all of the reconstructed images R −1 P + tP , t ∈ R are the same.
to the consistent P + P = R(R −1 P) with generating streaking artifacts. In this sense, a simple iteration method itself cannot eliminate beam-hardening artifacts. It is necessary to use a constraint of desired CT images and physical quantity of beam hardening factors.
It is interesting to observe that the process of backward projection will cause local discrepancies in P to spread throughout the global region, making it more difficult to correct. This phenomenon is shown in Fig. 2 . Hence, it would be desirable to correct the local mismatch in the sinogram space. This motivates the proposed method which will be described in the next section.
B. MAIN RESULT: BEAM HARDENING CORRECTOR
The metal-related artifacts are caused mainly by the beam hardening effect. This can be explained by the mismatch between the data P and the range space of R. For the ease of explanation, we decompose the body into three regions; tissue, bone, and metal region. Let µ t E , µ b E , and µ m E denote the attenuation coefficients at energy E of tissue, bone, and metal, respectively. Then, an attenuation distribution µ E of body can be decomposed into
According to (10) and (11), the target image µ is given by
Here, a indicates tissue, bone, metal (a = t, b, m). Observation 1: Let T, B, and M denote the tissue region, bone region, and metal region, respectively. The projection data P and the mismatch [P − Rµ ] can be expressed as
and where χ denote characteristic function of the domain (i.e.,
, and c β andĉ β are some constants depending on η, E p , E q , and attenuation distribution. Also, the target projection data can be represented by
To provide our rationale behind the observation 1, assume that µ E is decomposed as (15) so that the projection data P is given by
By Taylor's expansion, P in (21) becomes
where β = (β 1 , β 2 , β 3 ), |β| = β 1 + β 2 + β 3 , By Taylor's expansion again, the equation (22) can be expressed by
where · L ∞ is the standard L ∞ -norm and is given by
This leads to the expression (18) . Similarly, we get the expression (19) for P−Rµ . From equation (18) and (19) , the target projection data Rµ can be expressed by (20) . The observation 1 shows that the beam hardening artifact is related with the geometry of the materials; tissue, bone, metal. The projection data P and the target projection data Rµ are polynomials with different coefficients. The following is our main observation. The corrected image can be reconstructed by determining following corrector λ,t * .
Observation 2: Given a projection data P, the corresponding µ in the (11) can be approximated by
where λ,t * : R → R is a function given by where t * , K , and 
Let's explain why the function λ,t * in (27) is chosen. We combine Observation 1 with the fact that soft tissues have low energy dependence in the diagnostic energy range [2] , [31] . Because human tissues have a relatively low absorption coefficient, beam hardening effects can be neglected when P is small. This means that Rµ ≈ P if P is sufficiently small, as shown in Fig. 3 . This is the reason why λ,t * (t) = t for a sufficiently small t * .
The beam hardening factor, defined by P − Rµ , is related to the thickness of the object, the material property, and the energy spectrum of the X-ray beam. In the case of a homogeneous subject, the beam hardening factor is expressed as
where λ is a constant depending on the energy spectrum of the X-ray beam and absorption property of the subject [25] , [26] . As shown in Fig. 4 , as the value of P increases, P is gradually influenced by the beam hardening effect. We approximate Rµ as a polynomial of P in the region {P ≥ t * }, based on Observation 1. Please refer to [10] , [13] , [19] for such a polynomial expression of P. Finally, we need to connect smoothly a polynomial defined in t > t * and the identity function defined in t ≤ t * . As an intermediary function connecting at t = t * , we choose a function h t * (t) which is the solution of the ordinary differential equation:
The boundary conditions (h t * (t * ) = t * and h t * (t * ) = 1) come from the assumption that λ,t * (t) = t for t < t * . The equation (h t * (t) − λ 2 1 h t * (t) = 0) takes account the thickness-dependent beam-hardening factor mentioned in (29) .
The parameters λ is determined by minimizing the following objective function:
where λ = (λ 1 , λ 2 , · · · , λ K ). Here, we note that ∂ ∂ϕ R λ,t * P(ϕ, s)ds = 0 for all ϕ ∈ (0, 2π ] when the data λ,t * P is consistent. The minimization (31) can be optimized by the standard gradient descent method.
III. RESULTS
To evaluate the performance of the proposed method, we perform realistic numerical simulations and phantom experiments. Phantom experiments were performed with a CBCT with circular trajectory (Dentri, HDX WILL, Korea). For λ,t * in (27), we set the polynomial order as K = 3, which was chosen empirically to make best practical use, as shown in Fig. 5 . The performance of the proposed method depends on the thresholding value t * that is the point changing from an Comparison between the LI, MAC-BC and the proposed method for numerical head phantom. The proposed method shows that the beam-hardening artifacts were reduced while preserving image quality. Furthermore, the artifacts between the bone and metal were nearly eliminated (C = 1100 HU/W = 5100 HU). identity function to a polynomial. The value t * is determined differently for each projection data.
A. NUMERICAL SIMULATION
To obtain pairs of ground-truth images and metal artifacted images, we generated the polychromatic projection data by inserting simulated metal (iron) to real metal-free CT image. The projection data was generated with Poisson noise and electric noise using the attenuation coefficients given in [12] and the energy spectrum described in [6] . Fig. 6 shows the output of the proposed method depending on the threshold value t * . When the value t * is between 5.5 and 6.5, the beam hardening artifacts of reconstructed images are significantly reduced. Because a small changes of t * has little effect on the correction function, determining the value t * does not need to be exact. Fig. 7 shows the comparison of the proposed method with the linear interpolation (LI) method [14] and the beam-hardening correction method (MAC-BC) [25] . The LI method interpolates the metal trace using information near the metallic object.
This technique might introduce new artifacts that did not previously exist. Moreover, it tends to impair the morphological information in the areas around the metal objects in the reconstructed images. In MAC-BC method, we use the following artifact corrector:
where D is a domain occupying the metal regions and λ is a constant depending on the energy spectrum of the X-ray beam and absorption property of the subject. The MAC-BC method reduces the beam-hardening artifacts preserving anatomical information in CT image. But there still remain beam-hardening artifacts between the bone and metal. Some streaking artifacts are not completely eliminated owing to modeling error. The proposed method shows that streaking and shadow artifacts were reduced without generating new artifacts. The beam-hardening artifacts were also reduced inside the metals. Furthermore, the artifacts between the bone and metal were nearly eliminated. The proposed method does VOLUME 7, 2019 not require metal segmentation on sinogram, because it uses the given data directly, while the MAC-BC method and the LI method require accurate metal segmentation. Especially, since the MAC-BC method relies heavily on metal segmentation, erroneous segmentation can introduce streaking artifacts in the reconstructed image. To compare the quantitative error, we computed the normalized root mean square difference (NRMSD) [20] between the corrected image (f cor ) of each method and artifacts free image (f target ) outside of metal region M. The NRMSD given as
Here, f target was generated by target image in (11) . The NRMSD(%) of LI method, MAC-BC method and the proposed method were listed Table 1 . The proposed method obtained the lowest NRMSD(%) in all cases. This shows that the proposed method performs better at background restorations.
B. PHANTOM EXPERIMENTS
Phantom experiment was conducted with cone-beam CT (CBCT) data which were provided by dental CBCT (Q-Face; HDXWILL, Seoul, Korea) using tube voltage 90kVp and tube current 10mA with 0.5mm Gu filtration. The phantoms (acryl block, tissue-equivalent phantom, root canal filling) include cylinders filled with a high-attenuating fluid (iodinated contrast media; Dongkook Pharma, Seoul, Korea) instead of a metallic object, as shown in Fig 8 (first column) . Fig. 8 shows the phantom, uncorrected image and corrected images with LI, MAC-BC, and the proposed method. Each image is reconstructed image of the sinogram corresponding to the middle plane of the CBCT. To minimize objective function (31), we converted measured sinogram into the parallel beam data by using rebinning. The proposed method reduced the beam-hardening artifacts more clearly than other methods. However, we can see that the noise of the corrected image is increased compared to other methods. This is because, in the case of medical CT, the projection data has a lot of noise FIGURE 9. Other slices of the 3D reconstructed CT image corrected with the function λ,t * determined in middle plane sinogram for the first phantom in Fig. 8 . The yellow number is the slice number (C = −1000 HU/W = 3000 HU).
due to the low dose CT and the noise is further increased by the nature of the increasing function λ,t * . Fig. 9 shows other slices of the 3D reconstructed CT image corrected with the function λ,t * determined in middle plane sinogram for the first phantom of Fig. 8 . The beamhardening artifacts of the other slices as well as the central slices were reduced. This shows that the proposed method can be extended to 3D CT images.
IV. DISCUSSION AND CONCLUSION
This paper carefully analyzes the discrepancy between the projective data and the assumed mathematical model for CT reconstruction, that is caused by the beam hardening effect of metallic materials. Based on this analysis, the novel sinogram intensity adjustment based MAR was derived. The proposed method has an advantage over conventional image processing based methods in that it does not require segmentation of the metal region. Numerical simulation and phantom experiments using 3D CBCT show that the proposed method can effectively reduce beam-hardening effects.
The proposed method has a lot of room for improvement. Metal artifacts are common in current dental CBCTs. CBCT devices are being widely used globally due to advantages such as lower radiation dose, lower costs, and easier availability for dentists as compared to MDCT. The proposed method cannot be directly applied to low dose CBCT systems, due to the problems caused by the offset detector, FOV truncation, and low X-ray dose. The proposed method should be modified to correct the offset artifacts in the asymmetrical CBCT detector. The proposed method does not consider photon starvation, which is very common in dental low-dose X-ray CBCT when patient has many implants. Our future research direction is to solve these problems in low dose CBCT.
